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ON THE PROJECTIVE NORMALITY OF SMOOTH
SURFACES OF DEGREE NINE
GIAN MARIO BESANA∗ AND SANDRA DI ROCCO∗∗
Abstract. The projective normality of smooth, linearly normal
surfaces of degree 9 in PN is studied. All non projectively normal
surfaces which are not scrolls over a curve are classified. Results
on the projective normality of surface scrolls are also given.
1. introduction
Smooth projective varieties of small degree have been classified over
the years and thoroughly studied, e.g. [Ion84], [Ion90], [Oko84], [Oko86],
[Ale88], [ADS97]. A variety X ⊂ Pn is projectively normal if the maps
H0(Pn,OPn(k))→ H
0(X,OX(k)) are surjective for all k ≥ 1 or in other
words if hypersurfaces of degree k cut complete linear systems on X
for every k ≥ 1. In [ABB97] the projective normality of varieties of de-
gree d ≤ 8 of any dimension was investigated. This work is concerned
with the projective normality of smooth projective surfaces, embed-
ded by the complete linear system associated with a very ample line
bundle L of degree d = 9. Such surfaces are either embedded in P4 or
have sectional genus g ≤ 7. Therefore they are completely classified in
[AR92] and [Liv90]. One of the reasons that brought us to look at this
question is our desire to find examples for a long standing problem in
adjunction theory. Andreatta [ce93], followed by a generalization by
Ein and Lazarsfeld [EL93], posed the problem of classifying smooth
n-dimensional varieties (X,L) polarized with a very ample line bun-
dle L, such that the adjoint linear system |L| = |K + (n − 1)L| gives
an embedding which is not projectively normal. Andreatta and Bal-
lico [AB91] gave examples of surfaces (S,L) with the above behavior,
where d = deg S = 10 under the adjoint embedding. Alzati, Bertolini
and the first author in [ABB97] found no example with d ≤ 8. After
a detailed check of the non projectively normal surfaces found in this
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work no examples were found except possibly a blow up of an elliptic
P
1-bundle whose existence is uncertain. See section 6 for details.
Our findings concerning the projective normality of surfaces of degree
nine are collected in the the following theorem (see (2.1) for notation):
THEOREM 1.1. Let S be a smooth surface embedded by the complete
linear system associated with a very ample line bundle L as a surface
of degree 9 and sectional genus g in PN . Assume (S, L) is not a scroll
over a curve. Then (S, L) fails to be projectively normal if and only if
it belongs to the following list:
P
N g S L
P
5 4 Bl3X where X is a P
1-bundle
over an elliptic curve, e = 0 2C0+ 3f−
∑
iEi
P
5 5 Rational conic bundle S = Bl15Fe , 0 ≤ e ≤ 5 2C0+ (6+ e)f−
∑
iEi
P
4 6 Bl10(P
2) 3p∗(OP2(1))−
∑
i 4Ei
P
4 7 Bl15(P
2) 9p∗(OP2(1))−
∑6
1 3Ei−∑9
7 2Ej −
∑15
10Ek
P
4 6 Projection of an Enriques surface
of degree 10 in P5 cf. [AR92]
P
4 7 Minimal elliptic surface cf. [AR92]
P
4 8 Minimal surface of general type cf. [AR92]
The projective normality of surfaces which are scrolls over a curve
of genus g, not included in the above theorem, was also investigated.
Results are collected in Proposition 5.4. We were not able to prove
or disprove the projective normality of scrolls over trigonal curves of
genus 3, 4, 5.
The authors would like to thank Ciro Ciliberto, Antonio Lanteri and
Andrew J. Sommese for many helpful conversations and W. Chacho´lski
for his insight and patience.
2. Background material
2.1. NOTATION. Throughout this article S denotes a smooth con-
nected projective surface defined over the complex field C. Its structure
sheaf is denoted by OS and the canonical sheaf of holomorphic 2-forms
on S is denoted by KS.
For any coherent sheaf ℑ on S, hi(ℑ) is the complex dimension of
H i(S,ℑ) and χ = χ(OS) = χ(S) =
∑
〉(−∞)
〉〈〉(OS). Let L be a line
bundle on S. If L is ample the pair (S, L) is called a polarized surface.
The following notation is used:
|L|, the complete linear system associated with L;
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d = L2, the degree of L;
g = g(S, L), the sectional genus of (S, L), defined by 2g−2 = L · (KS+
L). If C ∈ |L| is an irreducible and reduced element then g = g(C) is
the arithmetic genus of C;
∆(S, L) = ∆ = 2 + L2 − h0(L) the Delta genus of (S, L);
Fe, the Hirzebruch surface of invariant e ;
E∗ the dual of a vector bundle E.
Cartier divisors, their associated line bundles and the invertible sheaves
of their holomorphic sections are used with no distinction. Given two
divisors L andM we denote linear equivalence by L ∼M and numerical
equivalence by L ≡ M. The blow up of a surface X at n points is de-
noted by p : S = BlnX → X. When X is a P
1-bundle over a curve with
fundamental section C0 and generic fibre f it isNum(X) = Z[C0]⊕Z[f ]
and the following shorthand is used: C0 = p
∗(C0) and f = p
∗(f).
A polarized surface (S, L) is a scroll or a conic bundle over a curve C if
there exists a surjective morphism p : S → C with connected fibers and
an ample line bundle H on C such that, respectively, KS+2L = p
∗(H)
or KS + L = p
∗(H). If (S, L) is a scroll then S is a P1-bundle over C
and L · f = 1 for every fibre f.
In section 4.3 the notion of reduction of a smooth polarized surface
is shortly used. The best reference is [BS95].
2.2. CASTELNUOVO BOUND. Let C ⊂ PN , then by Castelnuovo’s
lemma
g(C) ≤
[
d− 2
N − 2
]
(d−N + 1− (
[
d− 2
N − 2
]
− 1)
N − 2
2
) (1)
where[x] denotes the greatest integer ≤ x.
2.3. PROJECTIVE NORMALITY. Let S be a surface embedded in PN .
S is said to be k-normal if the map
H0(OPN (k)) −→ H
0(OS(k))
is surjective . S is said to be projectively normal if it is k-normal for
every k ≥ 1. An ample line bundle L on S is normally generated if
SkH0(L) → H0(Lk) is surjective for every k ≥ 1. If L is normally
generated then it is very ample and S, embedded in PN via |L| is pro-
jectively normal. A polarized surface (S, L) is said to be projectively
normal if L is very ample and S is projectively normal under the em-
bedding given by L. A polarized surface (S, L) has a ladder if there
exists an irreducible and reduced element C ∈ |L|. The ladder is said
to be regular if H0(S, L) → H0(C,L|C) is onto. If L is very ample
(S, L) clearly has a ladder.
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We recall the following general result due to Fujita:
THEOREM 2.1 ([Fuj90]). Let (S, L) be a polarized surface with a
ladder. Assume g(L) ≥ ∆. Then
i) The ladder is regular if d ≥ 2∆− 1;
ii) L is normally generated, g = ∆ and H1(S, tL) = 0 for any t, if
d ≥ 2∆ + 1.
2.4. k - REGULARITY. A good reference is [Mum66]. A coherent sheaf
F over Pn is k-regular if hi(F(k− i)) = 0 for all i > 0. If F is k-regular
then it is k + 1-regular. If X ⊂ Pn is an irreducible variety such that
I(X) is k-regular then the homogeneous ideal IX = ⊕H
0(IX(t)) is
generated in degree ≤ k. This fact implies that if IX is k-regular then
X cannot be embedded with a t ≥ (k + 1)- secant line.
2.5. CLIFFORD INDEX. Good references are [Mar82], [GL86].
Let C be a projective curve and H be any line bundle on C. The
Clifford index of H is defined as follows:
cl(H) = d− 2(h0(H)− 1).
The Clifford index of the curve is cl(C) = min{cl(H)|h0(H) ≥ 2 and h1(H) ≥
2}. H contributes to the Clifford index of C if h0(H) ≥ 2 and h1(H) ≥
2 and H computes the Clifford index of C if cl(C) = cl(L). For a
general curve C it is cl(C) =
[
g−1
2
]
and in any case cl(C) ≤
[
g−1
2
]
. By
Clifford’s theorem a special line bundle L on C has cl(L) ≥ 0 and the
equality holds if and only if C is hyperelliptic and L is a multiple of
the unique g12.
If cl(C) = 1 then C is either a plane quintic curve or a trigonal curve.
The following results dealing with the projective normality of curves
and relating it to the Clifford index are listed for the convenience of
the reader.
THEOREM 2.2 ([GL86]). Let L be a very ample line bundle on a
smooth irreducible complex projective curve C with:
deg(L) ≥ 2g + 1− 2h1(L)− cl(C)
then L is normally generated.
In the case of hyperelliptic curves, because there are no special very-
ample line bundles, the following is true.
Proposition 2.3 ([LM85]). A hyperelliptic curve of genus g has no
normally generated line bundles of degree ≤ 2g.
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Lemma 2.4 ( [LM85]). Let L be a base point free line bundle of degree
d ≥ g + 1 on a curve of genus g. Then L is normally generated if and
only if the natural map H0(L)⊗H0(L)→ H0(2L) is onto.
It follows that a polarized curve (C,L) with d ≥ g + 1 and L very
ample is projectively normal if and only if it is 2-normal.
The projective normality of a polarized surface (S, L) will be often
established by investigating the property for a general hyperplane sec-
tion. The main tools used are the following results.
THEOREM 2.5 ([Fuj90]). Let (S, L) ⊃ (C,L|C) be a polarized sur-
face with a ladder. If the ladder is regular and L|C is normally generated
then L is normally generated.
Lemma 2.6 ([ABB97]). Let (S, L) ⊃ (C,L|C) be a polarized surface
with a regular ladder. Assume h1(L) = 0 and ∆ = g. Then L is
normally generated if and only if L|C is normally generated.
2.6. SURFACES EMBEDDED IN QUADRIC CONES. As Lemma 2.4
suggests, the hyperplane section technique will often reduce the pro-
jective normality of a surface to its 2-normality. It is useful then to
recall the detailed investigation of surfaces in P5 contained in singular
quadrics, done in [ABB94]. Let Γ be a four dimensional quadric cone
in P5 and let σ : Γ∗ −→ Γ be the blow up of Γ along the vertex, with
exceptional divisor T . Suppose S ⊂ Γ is a smooth surface and let S ′
be the strict transform of S in Γ∗ under σ.
The Chern classes of S ′ and Γ∗ satisfy the following standard relation:
c2(Γ
∗)|S′ = S
′S ′ + c1(Γ
∗)|S′c1(S
′)−K2S′ + c2(S
′) (2)
If rank(Γ) = 5, Γ is a cone with vertex a point P over a smooth
quadric Q′ ⊂ P4. Following [ABB94] let
C(W ) : = the cone over the cycle W ⊂ Q′ with vertex V
σ :Γ∗ → Γ the blow up map
HQ′ : = the hyperplane section of Q
′
lQ′ : = the generator of A1(Q
′)
pQ′ : = the generator of A0(Q
′)
According to the above notation it is
Pic(Q′) =< HQ′ >
H2Q′ = 2lQ′
A0(Q
′) =< pQ′ >
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Further, let
Z = σ−1(C(HQ′))
S = σ−1(C(lQ′))
F = σ−1(C(pQ′)),
and denote by H the cycle HQ′ in Γ
∗ and by l the cycle lQ′ in Γ
∗. The
Chow Rings of Γ∗ are then given by:
Pic(Γ∗) =< Z, τ > (3)
A2(Γ
∗) =< H, S > (4)
A1(Γ
∗) =< l, F > . (5)
and it is
c1(Γ
∗) = 2(τ + Z) c2(Γ
∗) = Z2 + 6τZ T = τ − Z (6)
T = τ − Z S ′ = αH + βX (7)
The intersection table is then the following:
F
l
X
H
Z
τ
FlXHZτ
1
1
l
2l
H
H
0
1
F
2l
2X
H
1
2
2l
2l
0
1
F
l
0
1
1
1
0
0
0
If rank(Γ) = 4, Γ is a cone with vertex a line r over a smooth quadric
surface Q ⊂ P3. Following [ABB94] let τ be the tautological divisor on
Γ∗ and Let C(W ) denote the cone with vertex r over the cycle W ⊂ Q.
Let
Pic Q : =< ℓ1, ℓ2 > A0(Q) : =< p > Q : = σ
−1(Q)
P1 : = σ
−1(C(ℓ1)) p1 : = τ · P1 ℓ1 : = τ · p1
P2 : = σ
−1(C(ℓ2)) p2 : = τ · P2 ℓ2 : = τ · p2
F : = σ−1(C(p)) ℓ : = τ · F
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With the above notation it is:
Pic(Γ∗) =< τ, P1, P2 >A2(Γ
∗) =< Q, p1, p2, F >A1(Γ
∗) =< ℓ1, ℓ2, ℓ >
It is also T = τ −P1−P2, c1(Γ
∗) = 4τ −T , c2(Γ
∗) = 3Q+4p1+4p2.
Because S ′ is an effective cycle it is S ′ = αQ + βp1 + γp2 + δF with
α ≥ 0, α+ β ≥ 0, α + γ ≥ 0 and deg(S) = τ · τ · S ′ = 2α + β + γ + δ.
With the above notation we have the following intersection table:
1
1
1
1
1
1
1
1
1
1
0
0
0
0
0
0
0
0
0
1
1 0
0 0
0
0
0
1
1
1
τ
τ
P1
P1
P2
P2
Q
Q
p1
p1
p2
p2
F
F
ℓ1
ℓ1
ℓ2
ℓ2
ℓ
ℓ
p1
p1
p2
p2
⋆
⋆
ℓ1
ℓ1
ℓ2
ℓ2
ℓ
ℓ
ℓ
ℓ
ℓ
ℓ
ℓ1
ℓ1
0 0
ℓ1
ℓ1
F
F0 0
0 0
1 1Q
2 1
0
·
where ⋆ = ℓ1 + ℓ2 and the empty spaces are intended to be 0.
3. Surfaces in P4
Throughout this section S will be a surface embedded in P4 by a very
ample line bundle L, non degenerate of degree 9, with sectional genus
g. Surfaces of degree 9 in P4 have been completely classified by Aure
and Ranestad in [AR92]. The investigation of the projective normality
of such surfaces is essentially contained in their work. For completeness
we present the global picture in this section.
THEOREM 3.1 ( [AR92]). Let (S, L) be as above and χ = χ(OS)
then S is a regular surface with K2 = 6χ− 5g + 23, where:
1) g = 6, χ = 1 and S is rational or the projection of an Enriques
surface of degree 10 in P5 with center of projection on the surface;
2) g = 7 and χ = 1 and S is rational, or χ = 2 and S is a minimal
elliptic surface;
3) g = 8 and χ = 2 and S is a K3-surface with 5 (−1)-lines, or
χ = 3 and S is a minimal surface of general type;
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4) g = 9, χ = 4 and S is linked (3, 4) to a cubic scroll;
5) g = 10, χ = 6 and S is a complete intersection (3, 3);
6) g = 12, χ = 9 and S is linked to a plane.
Moreover if g ≥ 7 then S is contained in at least two quartic surfaces.
Proposition 3.2. (S, L) as above is projectively normal if and only if:
a) g = 8, χ = 2 and S is a K3-surface with 5 (−1)-lines.
b) g = 9, χ = 4 and S is linked (3, 4) to a cubic scroll
c) g = 10, χ = 5 and S is a complete intersection (3.3);
d) g = 12, χ = 9 and S is linked to a plane.
Proof. Let us examine the surfaces in Theorem 3.1;
Let C ∈ |L| be a generic smooth element. Since all the surfaces are
regular we always have h0(L|C) = 4. Note that for g ≤ 9 d(2L|C) <
2g − 2, then h1(2L|C) = 0. If g = 6 then h
1(L|C ) = 0 and thus
h1(L) = 0. Because h0(2L|C) = h
1(2L|C) + 19 − 6 = 13 the following
exact sequence
0 −→ L −→ 2L −→ 2L|C −→ 0 (8)
gives h0(2L) = h0(L) + h0(2L|C) = 18. Thus the map H
0(OP4(2)) −→
H0(OS(2)) cannot be surjective, being h
0(OP4(2)) = 15. This means
that S is not 2-normal and therefore it is not projectively normal.
If g = 7 then h0(2L|C) = 12, h
1(L|C ) = 1 and h
1(2L) = 0 by [AR92,
2.10]. Therefore from (8) and the regularity of S it follows that 16 ≤
h0(L|C ) ≤ 17, which implies that S is not projectively normal, as above.
If g = 8 then h0(2L|C) = 11, h
1(L) ≤ 1 and h1(2L) = 0 by [AR92,
2.11]. For degree reasons S cannot be contained in any quadric hyper-
surface being contained in at least a quartic. Therefore S is 2-normal if
and only if H0(L) = 15. ¿From (8) we get h0(2L) ≤ 15, 16 respectively
if χ = 2, 3. If χ = 3 S is not projectively normal as above.
If χ = 2 S is 2-normal and therefore projectively normal by Lemma
2.4.
If g = 9 (S, L) is projectively normal by linkage, see [AR92, 2.13].
If g = 10 S is a complete intersection and thus projectively normal.
If g = 12 S is linked to a plane and therefore it is arithmetically
Cohen-Macaulay by linkage, which implies S projectively normal.
4. Surfaces embedded in PN , N ≥ 5.
Let S be a smooth surface, let L be a very ample line bundle on S
and let
Sg = {(S, L) as above |L
2 = 9, h0(L) ≥ 6, g(S, L) = g and(S, L) is not a scroll}.
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If (S, L) ∈ Sg, by Castelnuovo’s Lemma g ≤ 7. Let S =
⋃ 7
}=′ S}. In the
following lemmata a few preliminary results are collected.
Lemma 4.1. Let (S, L) ∈ S and let C ∈ |L| be a smooth generic
element. Then
a) if h1(L|C ) = 0 then g(L) ≤ 5;
b) if h1(L|C ) = 1 then g(L) = 7 or 6;
c) if h1(L|C ) ≥ 2 then g(L) = 7;
Proof. a) For g ≥ 1 we have h0(L|C ) ≥ 3. If h
0(L|C ) = 3, 4 then
h0(L) ≤ 4, 5 respectively, which is a contradiction. Thus h0(L|C ) ≥ 5
i.e. 5 ≤ h0(L|C) = 10− g, i.e. g ≤ 5.
b) Since h0(KC − L|C ) = 1 then d ≤ 2g − 2. Moreover being d odd it
is d ≤ 2g − 3
c) If h1(L|C ) ≥ 2 then KS|C is a special divisor on C and it con-
tributes to cl(C), thus cl(C) ≥ 0, i.e
0 ≤ d(KC − L|C )− 2h
0(KC − L|C ) + 2 ≤ 2g − 13 , from which we get
g ≥ 7.
Lemma 4.2. Let (S, L) ∈ S . Then (S, L) is projectively normal or
a) (S, L) ⊂ P5, g = 4, S is P1-bundle over an elliptic curve, e = −1,
L = 3C0.
b) (S, L) ⊂ P5 is a conic bundle over an elliptic curve, g = 4.
c) (S, L) ⊂ P5 g = 5, 6.
Proof. In our hypothesis it is ∆(S, L) = 11 − h0(L). If codim(S) = 1
then S is projectively normal. Because S is not embedded in P4, we
can assume codim(S) ≥ 3 i.e. h0(L) ≥ 6, i.e ∆(S) ≤ 5. First assume
∆ < 5. It is 9 = d ≥ 2∆ + 1, then if g ≥ ∆ (S, L) is projectively
normal by Theorem 2.1. Because g = 0 implies ∆ = 0 it follows that
(S, L) is projectively normal if ∆ = 0, 1. Moreover if g = 1 then (S, L)
is an elliptic scroll which is impossible. Therefore (S, L) is projectively
normal if ∆ = 2.
Let now ∆ = 3. By [Ion84] it is g = 3 and therefore (S, L) is projec-
tively normal
Let now ∆ = 4. By [Ion86] Theorem 3, (S, L) is projectively normal
unless, possibly, if it is a scroll over a curve of genus g = 2, which is
impossible.
Let now ∆(S) = 5, i.e h0(L) = 6. If g(L) = 7 then S is a Castelnuovo
Surface, see [Har81], and thus projectively normal. Let g = 2, 3. Simple
cohomological computations, using the classification given in [Ion84]
show that there are no such surfaces in P5.
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Let g = 4 and let C ∈ |L| be a generic hyperplane section. By
Lemma 4.1 it is h1(L|C ) = 0 and therefore h
0(L|C) = 6 by Riemann
Roch. This shows that q(S) 6= 0. By [Liv90] and [Ion86] the only
possible cases are b) and c) in the statement .
4.1. SECTIONAL GENUS g = 4. In this subsection the projective
normality of pairs (S, L) ∈ S4 is studied. By Lemma 4.2 and [Liv90]
we have to investigate the following cases :
Case 1. (S, L) ⊂ P5 is a P1-bundle over an elliptic curve, e = −1, L ≃ 3C0.
Case 2. (S, L) ⊂ P5 is the blow up p : S → X of a P1-bundle over an
elliptic curve at 3 points, e = −1, L ≡ 2C0 + 2f −
∑3
1Ei where
C0 = p
∗(C0) and f = p
∗f.
Case 3. (S, L) ⊂ P5 is the blow up p : S → X of a P1-bundle over an
elliptic curve at 3 points, e = 0, L ≡ 2C0 + 3f −
∑3
1Ei where
C0 = p
∗(C0) and f = p
∗f.
Lemma 4.3. Let (S, L) ∈ S△ be as in (4.1) Cases 1,2,3 above. The
following are equivalent:
i) (S, L) is 2- normal;
ii) IS is 3-regular;
iii) (S, L) is projectively normal;
iv) h0(IS(∈)) = ′, i.e. S is not contained in any quadric hypersurface.
Proof. Assume (S, L) is 2-normal, i.e. h1(IS(∈)) = ′. Since pg(S) = 0
and h1(L) = 0 in all the cases under consideration, it is not hard
to check that IS is 3-regular. By [Mum66, pg. 99] it follows that
h1(IS(‖)) = ′ for all k ≥ 2 and thus (S, L) is projectively normal.
Therefore i), ii) and iii) are equivalent. Since h0(OP5(2)) = 21 and
h0(OS(2)) = 21, S is 2- normal if and only if h
0(IS(∈)) = ′.
Remark 4.4. (S, L) as in (4.1) Case 3 is a congruence of lines of P3
of bi-degree (3, 6), cf. [Gro93] and thus not projectively normal by
Lemma 4.3.
Remark 4.5. (S, L) as in (4.1) Case 1 was shown to be projectively
normal by Homma [Hom82]. Following an idea due to Sommese we
offer below a different proof.
Proposition 4.6. Let (S, L) be as in (4.1) Case 1, then (S, L) is pro-
jectively normal.
Proof. Lemma 4.3 shows that it is enough to show that (S, L) is 2-
normal. Let E be an elliptic curve with fixed origin O. It was shown
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in [BS88] that S can be viewed as the quotient of X = E × E under
the involution ι : X → X given by ι(x, y) = (y, x). Let q : X → S be
the quotient map and pi : X → E, i = 1, 2 be the projections onto the
factors. One can see that q∗(C0) = p
∗
1(OE(P ))⊗ p
∗
2(OE(P )), where P
is a point on E. Let Li = p
∗
i (OE(P )). It is
H0(X, q∗(L)) = H0(X, q∗(3C0)) = H
0(3L1)⊗H
0(3L2),
and therefore h0(q∗(L)) = 9.
Let H0(X, q∗L)ι = {σ ∈ H0(X, q∗L) such that σι = σ}, i.e. the
subspace of global holomorphic sections of q∗(L) which are invari-
ant under ι. Notice that there is a natural isomorphism H0(S, L) ≃
H0(X, q∗(L))ι. Because deg(3Li) ≥ 2g(E) + 1 the map H
0(3Li) ⊗
H0(3Li)→ H
0(2(3Li)) is surjective. It follows that
H0(q∗(L))⊗H0(q∗(L))→ H0(q∗(2L))
is surjective.
To conclude it is enough to show that
H0(q∗(L))ι ⊗H0(q∗(L))ι → H0(q∗(2L))ι (9)
is surjective. Let α1, α2, α3 be a base for H
0(E,OE(3P )) and let ai =
p∗1(αi) and bi = p
∗
2(αi) be bases for H
0(3L1) and H
0(3L2) respectively.
With the above notation {ai ⊗ bj} form a base for H
0(q∗(L)).
Notice that an element ai ⊗ bj with i 6= j cannot be ι-invariant. To
see this assume ai ⊗ bj were ι-invariant and let z ∈ E be a point such
that αi(z) = 0 and αj(z) 6= 0. Then (ai ⊗ bj)(z, y) = (ai ⊗ bj)(y, z)
implies αi(y)αj(z) = 0 for every y, which is impossible. Simple direct
checks show that
a1⊗b1, a2⊗b2, a3⊗b3, a1⊗b2+ a2⊗b1, a1⊗b3+ a3⊗b1, a2⊗b3+ a3⊗b2
form a basis for H0(q∗L)ι and that
t1 = a1 ⊗ b2, t2 = a1 ⊗ b3, t3 = a2 ⊗ b3
span a 3-dimensional subspace V such that H0(q∗(L)) = H0(q∗(L))ι⊕
V. To conclude the proof of the surjectivity of (9) it is enough to show
that elements of the form v⊗ s or s⊗ v where v ∈ V and s ∈ H0(q∗L)ι
, and elements of the form v1⊗ v2 where vi ∈ V , cannot be ι-invariant.
Let v = p∗1(γ1)⊗p
∗
2(γ2) and let s = p
∗
1(σ1)⊗p
∗
2(σ2). For every (x, y) ∈ X
it is
(v ⊗ s)(x, y) = γ1(x)γ2(y)σ1(x)σ2(y) = γ1(x)γ2(y)σ1(y)σ2(x)
(10)
(v ⊗ s)(y, x) = γ1(y)γ2(x)σ1(y)σ2(x). (11)
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Equating (10) and (11) shows that v is invariant, a contradiction. The
same argument takes care of the case s⊗ v.
Let now v1 =
∑
citi and v2 =
∑
diti, where the t
′
is are as above
and assume that v1 ⊗ v2 is invariant. Since OE(3P ) is generated by
global sections there is a point z ∈ E such that α1(z) 6= 0, while
α2(z) = α3(z) = 0.
The fact that (v1 ⊗ v2)(z, y) = (v1 ⊗ v2)(y, z) for every y implies
(c1 + d1)α1(z)α2(y) = 0
for every y, which gives c1 = −d1. Repeating the argument permuting
the indices it follows that v2 = −v1. It is then enough to show that
v1⊗ (−v1) is not ι-invariant. If it were it would follow that (v1(x, y)−
v1(y, x))(v1(x, y) + v1(y, x)) = 0 for all x, y ∈ E. Because v1 is not
invariant and it is not zero everywhere, this is a contradiction.
Lemma 4.7. Let (S, L) be as in (4.1) Case 2 . Then
i) If r is a line contained in S, then r = Ei or r = f−Ei, i = 1, 2, 3.
ii) If C ⊂ S is a reduced irreducible cubic with C2 ≥ 0 then C is a
curve whose numerical class is C ≡ C0+ f−
∑3
1Ei
iii) If C ⊂ S is a reduced irreducible quartic with C2 ≥ 0 then C is a
curve whose numerical class is one of the following:
a) C ≡ C0
b) C ≡ C0+ f− Ei− Ej
Proof. Let r = aC0+bf−
∑3
1 aiEi be a line in S. Then L ·r = 4a+2b−∑3
1 ai = 1 and 0 = 2g(r) = 2+ a(a− 1) + 2b(a− 1)−
∑3
1 ai(a1− 1). It
follows that
3∑
1
a2i = a
2 + 3a + 2ab+ 1 ≥
1
3
(4a + 2b− 1)2
i.e. 4b(b− 1) + 13a(a− 1) + 10ab− 4a− 2 ≤ 0 (12)
Since r is an irreducible smooth curve either r = Ei or r is the strict
transform of an irreducible curve on the P1-bundle and the following
cases can occur:
• a = 0 and b = 1, that gives us the fibers through the points blown
up, i.e. r = f− Ei for i = 1, 2, 3.
• a = 1 and b ≥ 0 , for which (12) would imply b = 0,
∑3
1 ai = 3 and∑
a2i = 5, i.e. r = C0− 2Ei− Ej for i, j = 1, 2, 3. But this would
imply the existence of an irreducible curve in |C0| passing through
a point Pi with multiplicity 2, that would imply C0 · f = 2, where
f is the fiber through Pi, which is a contradiction.
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• a ≥ 2 and b ≥ −a
2
. Let a = 2 + h with h ≥ 0. ¿From (12) it
follows that 4b2+16+8h2+27h+5h(h+2b)+ 8(2b+h) ≤ 0 and
therefore 4b2 + 8h2 + 17h ≤ 0, which is impossible unless b = 0,
a = 2 which contradicts (12).
Cases ii) and iii) follow from similar computations and Castelnuovo’s
bound on the arithmetic genus of curves.
Techniques found in [ABB94] and a detailed analysis of the geometry
of hyperplane sections will be used to deal with Case 2.
Proposition 4.8. Let (S, L) ∈ S△ be as in Case 2. Then (S, L) is
projectively normal.
Proof. By contradiction assume (S, L) is not projectively normal. Lemma
4.3 then implies that (S, L) must be contained in a quadric hypersur-
face Γ. From [AS92] it follows that Γ must be singular.
Case 1. rk(Γ) = 5.
Let P be the vertex of the quadric cone Γ. Following the notation
of subsection 2.6 let S ′ = αH + X. If P is not contained in S, then
S = S ′, deg(S) = 2α, which is impossible. We can assume P ∈ S.
Then S ′ = 4H + X because deg(S ′) = τ 2S ′ and E2 = (T|S′ )
2 = −1.
Moreover c1(Γ
∗)|S′ · c1(S
′) = 2(2L−E)(−K ′S −E), since τ |S′ = σ
∗(L).
Plugging the above obtained values into (2) a contradiction is reached.
Case 2. rk(Γ) = 4
Let r be the line vertex of the cone. ¿From deg(S ′) = 9 we have
9 = 2α + β + γ + δ (13)
If r ⊂ S then by Lemma 4.7 r = Ei or r = f − Ei. Notice that in this
case S ′ = S. Let T |S′ = λr, since T |S′ · τ |S′ = δ and (T |S′)
2 = −δ2 we
have λ = δ and β+γ = δ−δ2. Moreover (S ′)2 = 2(α+β)(α+γ)+2αγ,
c2(Γ
∗)|S′ = 14α + 7(β + γ) + 3δ, c1(Γ
∗)|S′ = 4σ
∗(L) − δr. But from
9 = 2α+ β + γ + δ the only possible values are (α, δ, β + γ) = (3, 1, 2)
which give a contradiction in (2).
If S ∩ r = ∅ then 9 = 2α, since T |S′ = 0, which is a contradiction.
If S ∩ r = {P1, ..., Pk}, let µj be the multiplicity of intersection at
Pj and let s =
∑
µj. Then (T |S′)
2 = −
∑
µj = −s. If any of the µ
′
js
is strictly greater then 1, S ′ acquires a singularity of type Aµj−1 at a
point of Ej, where Ej are the exceptional divisors of σ|S′ . Notice that
(τT )S ′ = 0 gives S ′ = αQ+ βp1 + γp2, with β + γ = s. Moreover it is
α ≥ 2 because α can be viewed as the degree of the generically finite
rational map ψ : S −→ Q induced by the projection from the vertex
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of Γ, where S is not birational to Q. Thus the only possible values are
(α, s) = (4, 1), (3, 3), (2, 5). Let us assume at first that µj = 1 for all j,
so that S ′ is smooth.
It is (S ′)2 = 2α(α + h) + 2βγ, c2(Γ
∗)|S′ = 63, c1(Γ
∗)|S′ = 4σ
∗(L) −∑
Ej . Using the admissible values for α and s we get a contradiction
in (2). Therefore for at least one j it is µj ≥ 2 and (α, s) = (4, 1)
does not occur. Let Π ⊂ P3 be a general 2-plane tangent to Q. Then
Π∩Q = ℓ1 ∪ ℓ2 where ℓi is a line in Π. Cutting S with the hyperplane
spanned by Π and r we get a degree nine divisor D ∈ |L| which must
be reducible as D = D1 ∪D2 where ψ(Di) = ℓi. Moving Π along ℓi we
can see that Dj moves at least in a pencil. Therefore h
0(Di) ≥ 2 for
i = 1, 2. Moreover the above argument shows that Di is spanned away
from S ∩ r. In particular Di cannot have a fixed component, therefore
D2i ≥ 0. Let di = L ·Di. Then (d1, d2) = (1, 8), (2, 7), (3, 6), (4, 5).
Lemma 4.7 shows that S contains only a finite number of lines, there-
fore the first case cannot happen.
In the second case, moving Π along ℓ2, S could be given a conic
bundle structure over P1 which is not possible.
When (d1, d2) = (3, 6) notice that D1 must be reduced and irre-
ducible because S contains only a finite number of lines. Therefore
D1 ≡ C0 + f −
∑
iEi as in Lemma 4.7 ii). When s = 3, ψ is a generi-
cally 3 : 1 map while when s = 5 ψ is a generically 2 : 1 map. Therefore
there is always at least a point P ∈ S ∩ r such that P 6∈ D1. pertanto
meno con Because h0(X,C0+f) = 3 and C0+f is spanned, h
0(D1) ≤ 2.
Since |D1| must be at least a pencil, it is h
0(D1) = 2. This shows that
the complete linear system |D1| is obtained by moving Π along ℓ2. A
member of |D1| passing through P can then be found, contradiction.
Let now (d1, d2) = (4, 5). Assume D1 reduced and irreducible. Then
D1 must be as in Lemma 4.7 iii). Because h
0(C0) = 1 it is D1 ≡
C0 + f − Ei − Ej. We claim that D1 is then a smooth elliptic quartic
embedded in P3. To see this notice that every element of |C0+f | on X
is smooth with the only exception of one curve, reducible as the union
C0 ∪ f. Moreover notice that the same argument used above shows
that h0(D1) = 2 and |D1| is obtained by moving Π along ℓ2. Because
ψ(D1) = ℓ1, for degree reasons D1 must go through at least one point
in S ∩ r. Because µj ≥ 2 for at least one j and h
0(D1) = 2 we can
always assume that D1 has a (k ≥ 3)-secant line.
It is known (see [Ion90]) that the ideal of such quartics in P3 is
generated by quadrics and therefore they cannot have (k ≥ 3)-secant
lines. Let D1 now be reducible or non reduced. D1 cannot be reducible
with lines as components since S contains only a finite number of lines.
A simple numerical check shows that the only smooth conics on S have
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numerical class f. Therefore we can assume D1 ≡ 2f. As it was pointed
out above D1 must pass through at least a point P ∈ S ∩ r but this
contradicts f2 = 0.
Case 3. rk(Γ) = 3
Assume S ⊂ Γ where Γ is a quadric cone with rkΓ = 3 and vertex
V ≃ P2 over a smooth conic γ ⊂ Σ ≃ P2. Let ψ : S − − > γ be the
rational linear projection from V. Let ℓ1, ℓ2 and ℓ3 be distinct lines in
Σ such that γ∩ℓ1 = {P1, P2}, γ∩ℓ2 = {P2, P3}, and γ∩ℓ3 = {P1, P3},
where Pi 6= Pj. Let Di be the hyperplane sections of S given by the
hyperplanes spanned by V and ℓi. Notice that Di must be reducible.
Assume that Di has no components contained in V for at least one
i, say i = 1. Then D1 ∼ A + B where ψ(A) = P1 and ψ(B) = P2. Let
L ·A = a and L ·B = b. It follows that D2 ∼ A
′+B and D3 ∼ A
′+A.
Notice that A ∼ A′ and so L · A′ = a. This leads to the contradiction
2a = L ·D3 = 9.
It follows that for any hyperplane section D obtained with the hy-
perplane spanned by a line ℓ ⊂ Σ and V it must be D ∼ 2C + F
where F ⊂ V and no component of C is contained in V. Because |C| is
at least a pencil and it cannot clearly have fixed components, it must
be C2 ≥ 0. Since S contains only a finite number of lines and it is
not a rational conic bundle it is L · C = 3, 4. If L · C = 3 C must be
irreducible and therefore as in Lemma 4.7, i.e. C ≡ C0 + f−
∑
iEi. It
follows that F ≡ E1+E2+E3 which is impossible because these three
lines are disjoint. If L · C = 4 and C is reduced and irreducible then
C ≡ C0+f−Ei−Ej as in Lemma 4.7 iii) (the case C ≡ C0 cannot happen
since h0(C0) = 1). Then F ≡ Ei+Ej −Ek which is impossible. If C is
reducible or non reduced then C ≡ 2f and F ≡ 2C0− 2f−
∑
iEi which
is not effective because C0 is ample on X and C0 · (2C0 − 2f) = 0.
4.2. SECTIONAL GENUS g = 5. In this section we will study the
projective normality of pairs (S, L) ∈ S5. From Lemma 4.2 it follows
that either (S, L) is known to be projectively normal or S ⊂ P5 and
hence ∆(S, L) = 5. Since g = ∆ and d ≥ 2∆− 1 the ladder is regular
and therefore (S, L) is projectively normal if (C,L|C) is projectively
normal.
Lemma 4.9. Let (S, L) ∈ S5 then if h
1(L) = 0 the following state-
ments are equivalent:
1) (S, L) is projectively normal
2) (C,L|C) is projectively normal
3) S is contained in exactly one quadric hypersurface in P5.
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Proof. Since h1(L) = 0, (S, L) is projectively normal if and only if
(C,L|C) is projectively normal by Lemma 2.6. Moreover (C,L|C) is
projectively normal if and only if it is 2-normal, by Lemma 2.4. Con-
sider the exact sequence:
0 −→ IS(1) −→ IS(2) −→ IC(2) −→ 0.
It is h1(IS(1)) = 0 since L is linearly normal and h
0(IS(1)) = 0 since
S is non degenerate. It follows that h0(IS(2)) = h
0(IC(2)). Because
h0(OP4(2)) = 15 and h
0(2L|C ) = 14 we have that (C,L|C) is projectively
normal if and only if h0(IC(2)) = 1 and therefore (S, L) is projectively
normal if and only if S is contained in exactly one quadric.
Lemma 4.10. Let (S, L) ∈ S▽. Then either (S, L) is projectively nor-
mal or it has a hyperelliptic or trigonal section C ∈ |L|.
Proof. Since g(C) = 5 then cl(C) ≤ 2. If cl(C) = 2 then by Theorem
2.2 (C,L|C) is projectively normal and thus (S, L) is projectively normal
by regularity of the ladder.
Lemma 4.11. Let (S, L) ∈ S▽ with a hyperelliptic section C ∈ |L|.
Then S is a rational conic bundle, not projectively normal.
Proof. Surfaces with hyperelliptic sections are classified in [SVdV87].
By degree considerations the only possible case is a rational conic bun-
dle. Since h1(L) = 0 Proposition 2.3 and Lemma 4.9 imply that (S, L)
is not projectively normal.
Lemma 4.12. There are no conic bundles (S, L) with a trigonal sec-
tion C ∈ |L| in S5 .
Proof. If S is a conic bundle with trigonal section then [Fan90] Lemma
1.1 gives g = 2q+2 which is impossible because [Liv90] gives q ≤ 1.
THEOREM 4.13. Let (S, L) ∈ S5. Then (S, L) fails to be projectively
normal if and only if it is
1) A rational conic bundle;
2) (S, L) = (Bl12F1, 3C0 − 5f − 12p) with trigonal section C ∈ |L|
and
L|C = KC − g
1
3 +D.
Proof. ¿From [Liv90], Lemma 4.10, Lemma 4.11 and Lemma 4.12, the
following cases are left to investigate:
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Case S L existence
1 Bl10P
2 7p∗(OP∈(∞))−∞′
∑∞′
∞ ∈E〉 Yes
2 Bl12P
2 6p∗(OP∈(∞))−
∑▽
∞ ∈E〉 −
∑∞∈
6 E| Yes
3 Bl10Fe, e = 0, 1, 2 4C0+ (2e+ 5)f−
∑7
1 2Ei−
∑10
8 Ej Yes
4 Bl12F1 3C0+ 5f−
∑12
1 Ei ?
where the hyperplane section is trigonal. In case 2 (S, L) admits a first
reduction (S ′, L′) with d′ = 16. By [Fan90] (S, L) cannot have trigonal
section and therefore it is projectively normal.
In case 3 it is K2S = −2 so that KS(KS + L) = −3. Then by [BL89]
Theorem 2.1 (S, L) cannot have trigonal section thus it is projectively
normal.
Case 1 is a congruence of lines of P3 of bi-degree (3, 6) studied in
detail in [AS92]. In particular if I∗S is the ideal of S in the grassmanian
G(1, 3) of lines of P3, it is h0(I∗S(2)) = 0. From:
0 −→ IG −→ IS −→ I
∗
S −→ 0
recalling that G ∈ |OP5(2)| we get h
0(IS(2)) = 1 and therefore (S, L)
is projectively normal by Lemma 4.9.
By [GL86] Corollary 1.6 a trigonal curve of genus 5 and degree 9 in
P
4 fails to be projectively normal if and only if it is embedded via a
line bundle L|C = KC−g
1
3+D where D is an effective divisor of degree
4. Notice that this means that C is embedded in P4 with a foursecant
line.
Remark 4.14. (ADDED IN PROOF) After this work was completed
the first author and A. Alzati proved in in [AB97] that there exist
no surfaces as in Theorem 4.13 Case 2). Therefore this case does not
appear in the table of Theorem 1.1.
4.3. SECTIONAL GENUS g = 6. In this subsection we will study
the projective normality of pairs (S, L) ∈ S6. Notice that by Lemma
4.2 L embeds S in P5 and the ladder is regular.
Lemma 4.15. Let C be a curve of genus 6 embedded in P4 by the
complete linear system associated with a very ample line bundle L|C of
degree 9. Then C is 2-normal.
Proof. Consider the exact sequence:
0 −→ IC ⊗OP4(2)→ OP4(2)→ OC(2) −→ 0
Since h0(OP4(2)) = 15 and h
0(OC(2)) = h
0(2L|C ) = 18 + 1− 6 = 13 it
is h0(IC(2)) ≥ 2 with the map H
0(OP4(2)) −→ H
0(OC(2)) surjective
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if and only if h0(IC(2)) = 2. Assume h
0(IC(2)) ≥ 3, and let Qi for i =
1, 2, 3 be three linearly independent quadric hypersurfaces containing
C. Because degC = 9 and C is non degenerate it must be dim(∩iQi) =
2. Let S = ∩iQi then h
0(S) ≥ 3. But S is a complete intersection
(2, 2) in P4 and it is easy to see that h0(S) = 2, contradiction.
Corollary 4.16. Let (S, L) ∈ S6. Then (S, L) is projectively normal.
Proof. Let C ∈ |L| be a generic section. From Lemma 4.15 and Lemma
2.4 it follows that (C,L|C) is projectively normal. Since the ladder is
regular this implies that (S, L) is projectively normal.
5. Results on Scrolls
A n-dimensional polarized variety (X,L) is said to be a scroll over a
smooth curve C of genus g if there is a vector bundle π : E → C of
rank r = rk E = n+ 1 such that (X,L) ≃ (P(E),OP(E)(1)).
Recall that given a vector bundle E over a curve C, µ(E) and µ−(E)
of E are defined as ( see [But94] for details)
µ(E) =
degE
rkE
=
d
r
.
µ−(E) = min{µ(Q)|E → Q→ 0}
E will be called very ample to signify that the tautological line bundle
OP(E)(1) is a very ample line bundle on P(E). From [But94, Th 5.1.A]
and general properties of projectivized bundles it follows that:
Proposition 5.1 ([But94]). Let (X,L) be a scroll. If µ−(E) > 2g
then (X,L) is projectively normal.
The following Lemma is essentially due to Ionescu [FL93] :
Lemma 5.2 (Ionescu). Let (X,L) be an n-dimensional scroll over a
hyperelliptic curve C of genus g with L very ample. Then ∆ = ng.
Proof. a) Let X = P(E), L = OP(E)(1) and π : X −→ C.
By the Riemann-Roch theorem and the fact that π∗(OX(1)) = E it
follows that:
h0(L) = h0(C,E) = h1(C,E) + d− n(g − 1)
Thus it is enough to show that h1(C,E) = 0.
By Serre duality h1(C,E) = h0(C,KC
⊗
E∗). Assume h1(C,E) 6= 0. A
non trivial section σ ∈ h0(C,KC
⊗
E∗) gives the following surjection:
(KC
⊗
E∗)∗ −→ OC(−D) −→ 0 (14)
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where D is the divisor on C associated to σ. Tensoring (14) with KC
we obtain
E −→ KC −D −→ 0.
Because OP(E)(1) is very ample, KC −D is very ample on C. Moreover
KC−D is a special line bundle on C because h
1(KC−D) = h
0(D) > 0.
This is impossible because C is hyperelliptic.
Lemma 5.3. Let (S, L) be a two-dimensional scroll over a curve of
genus 2 and degree 9 in P6 with L very ample. Then X = P(E) with
E stable and (X,L) is projectively normal.
Proof. Let S = P(E) where E is a rank 2 vector bundle of degree 9 over
a smooth curve of genus 2. If E is stable then µ−(E) = µ(E) = 9
2
> 4
and so by Proposition 5.1 (S, L) = (P(E),OP(E)) is projectively normal.
Assume now E non stable. Then there exists a line bundle Q with
deg(Q) ≤ 4 such that E → Q→ 0. This contradicts the very ampleness
of Q as a quotient of a very ample E.
Proposition 5.4. Let (S, L) be a scroll of degree d = 9 over a smooth
curve C of genus g. Then (S, L) is projectively normal unless possibly
if C is trigonal, 3 ≤ g ≤ 5 and S ⊂ P5.
Proof. Following the proof of Lemma 4.2 if ∆ ≥ 2 and g = 1 then (S, L)
is an elliptic scroll (see [Fuj90]) and therefore projectively normal by
[ABB97] or [Hom80],[Hom82]. If ∆ = 4 and g = 2 then (S, L) is
projectively normal by Lemma 5.3. Let ∆ = 5. If g = 6 then (S, L) is
projectively normal by 4.16. If g = 5 by Theorem 2.1, 2.5, 2.2 (S, L)
is projectively normal unless cl(C) ≤ 1. If g = 3, 4 then it is always
cl(C) ≤ 1. By Lemma 5.2 C must be trigonal.
6. An Adjunction Theoretic Problem
The question of finding examples for the problem posed by An-
dreatta, Ein and Lazarsfeld (see introduction) is addressed below.
Corollary 6.1. Let (S, L) be a surface polarized with a very ample
line bundle of degree d = 9 such that the embedding given by |L| is
not projectively normal. Then there does not exist a very ample line
bundle L such that L = KS + L unless (S, L) is the blow up of an
elliptic P1-bundle as in the first case of Theorem 1.1.
Proof. Let (S, L) be as in the Table of Theorem 1.1, not as in the first
case. Assume L = K + L with L very ample. Computing L∈ and
g(L) and using [Liv90] lead to a contradiction in every case. Similarly
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a contradiction is reached if (S, L) is a scroll over a curve of genus
3, 4, 5.
Remark 6.2. The existence of an example of a surface as in case 1 of
Theorem 1.1 where L = K + L with L very ample is a very delicate
question. Let E be an indecomposable rank 2 vector bundle over an
elliptic curve C with c1(E) = 0 and let X = P(E). Let C0 be the
fundamental section, let M be any line bundle whose numerical class
is 2C0 + f and let p : S = Bl3X → X be the blow up of X at
three points Pi i = 1, .., 3. Using the same notation for the blow up
introduced in subsection 2.1 consider a line bundle L ≡ 2C0+3f−
∑
iEi.
Notice that L ≡ KS + L where L ≡ △C0 + 3f −
∑
i 2Ei. Moreover
L ≡ KS + H, H
2 = 9, H ≡ 3T where T = p∗(M) −
∑3
1Ei. Recent
results of Yokoyama and Fujita [Fuj97], [Yok97]) show that the P ′is can
be chosen generally enough to have T ample but not effective. Reider’s
theorem then shows that L is very ample if it is possible to choose the
P ′is such that for every line bundle M whose numerical class is 2C0+f
it is |p∗(M)−
∑
iEi| = ∅.
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